Sufficiently close to 0, the solution variety of a nonlinear relativistic wave equation-e.g., of the form 30 + m20 + gO P = 0-admits a canonical Lorentz-invariant hermitian structure, uniquely determined by the consideration that the action of the differential scattering transformation in each tangent space be unitary. Similar results apply to linear timedependent equations or to equations in a curved asymptotically flat space-time. A close relation of the Riemannian structure to the determination of vacuum expectation values is developed and illustrated by an explicit determination of a perturbative 2-point function for the case of interaction arising from curvature. The theory underlying these developments is in part a generalization of that of M. G. Krein and collaborators concerning stability of differential equations in Hilbert space and in part a precise relation between the unitarization of given symplectic linear actions and their full probabilistic quantization. The unique causal structure in the infinite symplectic group is instrumental in these developments.
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Quantization of a differential equation, as normally understood, involves two qualitatively distinct aspects. The first, which may be called "formal," is the construction of a "quantized" solution of the differential equation. By quantized is meant operatorvalued rather than numerically valued; by solution is meant in the distribution-theoretic or other suitably generalized sense. Typically there are many such solutions, even with the imposition of canonical commutation relations, which prescribe numerical values for the commutators of field values of points of space-like separation, together with strong regularity and group-invariance restrictions. This plethora of solutions arises from the failure of the conclusion of the Stone-von Neumann theorem in systems of infinitely many degrees of freedom or, stated in another way, from the existence of many mutually inequivalent representations of the canonical commutation relations that are entirely smooth and invariant.
In certain cases, this ambiguity in the quantization may be appropriately suppressed by using field values that are affiliated with a C*-algebra, which may be regarded as nascent operators, rather than values that are operators in a given Hilbert space. But this procedure does not in itself resolve a second aspect of the quantization problem, which is essential from a physically empirical point of view. This aspect, which may be called "probabilistic," is the determination of the expectation values of the solution and general functions thereof at arbitrary points of space-time. Unlike the case of classical wave equations-i.e., those whose putative solution is numerically valued-there is typically a unique such determination in the case of quantized equations that is specified in a natural manner and plays a fundamental role. The concept in question is known as the "vacuum state expectation value functional," or, for short, the "physical vacuum.
In the case of linear equations, the As a consequence of this work, a unique vacuum is obtained for limited time-dependent perturbations of a general class of evolutionary equations. A similar method applies to equations in a curved space-time whose metric is appropriately perturbed-e.g., as in the case of the Klein-Gordon equation relative to an asymptotically Minkowskian metric. As an illustration, some details of the quantization of a purely time-dependent perturbation are given.
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However, our ultimate concern is the treatment of nonlinear equations, the case of linear time-dependent equations being a preliminary stage. A direct, but necessarily nonlocal, construction is given for a canonical relativistic hermitian structure in the stable solution manifold, which is inclusive of all sufficiently small solutions, for suitable given nonlinear wave equations such as the prototypical equations 03) + m2q + gop =O (M2 >0 g > 0, p odd and >1). This greatly extends results in this direction in ref. 7 . Indeed, the symplectic quantization procedure in field theory (8) (9) (10) (11) has lacked a mathematically precise version of the physically appropriate probability measure on the solution manifold. The Riemannian part of the present hermitian structure provides a definite basis for the determination of this measure, via the corresponding diffusion process.
Since classical wave equations such as those cited have a general theory of global solutions and their temporal asymptotics, valid in four as well as lower space-time dimensions, the present note represents a material step toward a realistic constructive quantum field theory that is conceptually simple. The alternative approach to this theory that involves the multiplication of quantized distributions (12, 13) has thus far been rigorously established only in lower dimensions, and beyond dimension two at some cost to conceptual simplicity. The relation between the approaches may be summarized by their approximate descriptions as extensions to the nonlinear case of the complex-wave and real-wave representations (14), respectively. There is a prospect of the eventual formal concurrence of the results of the two approaches through the establishment of the same local quantized field partial differential equations of the type given in ref. 15 In particular, all of the foregoing holds in the special case when D = H throughout-i.e., the qualification "essentially" is removed. The proof is in fact an extension of that for this case (18) and is based in part on work of Weinless (19) . Stability theory of evolutionary equations In order to apply Theorem I to wave equations, it is necessary to develop criteria for S-operators to be essentially unitarizable. This can be done by suitably combining causality considerations in Lie groups (5) with extensions of the stability theory of the Krein school (6), resulting in generalizations of the Krein theory.
The key observation connecting causality and stability theory is that, for any sympletic space (L,A), Sp(L,A) may be given an invariant causal structure [which is essentially unique (5) (5) In the case of wave equation applications, a(t) is of Hilbert-Schmidt class only in two space-time dimensions. However, the theorem itself applies and yields the following criterion for similar equations in a Hilbert space. least as regards the expression for the symplectic structure, with time or space. An interesting and representative instance of this is quantization on a curved space-time.
Formal quantization for the Klein-Gordon equation was effected by Lichnerowicz (21) using the general theory of Leray as a basis. However, the question of the vacuum has remained unresolved, except in the case in which there exists a one-parameter group of temporal isometries; in this case the positive-energy concept (1, 3) suffices to determine the vacuum, when it exists. In general, however, there is no such group, and our present concern is precisely with a perturbation of a symmetrical space-time that eliminates its symmetries. Indeed, the physical understanding of general relativity is fairly complete only in the case of local perturbations of an asymptotically flat space-time, which is treated in Theorem 3.
THEOREM 3. The Klein-Gordon equation for a perturbation of the Minkowskl metric propagates Cauchy data symplectically relative to the form A(0,V) = (0* dA -V * dO) di where * is with respect to the perturbed metric, which is taken to have the form g = go + h, h being assumed to be twice differentiable and to vanish, together with its first two derivatives with respect to time; t, at -t = I 00; and assumed also not to alter the hyperbolicity of the metric.
The scattering operator for the perturbed relative to the (flat) Minkowski metric exists and is symplectic with respect to the given form, in the same Hilbert space as in Corollary This is a bounded perturbation of the Lorentz-invariant (flat Minkowski space) complex structure. The same method applies when h is both space and time dependent, apart from the evaluation of the results in closed analytic form.
In particular, there is well-defined particle production; such production was proposed in earlier intuitive treatments of the effects of curvature. Nonlinear wave equations The existence of the classical, nonlinear, S-operator is known (22) (23) (24) for equations of the form o 4 + m240 + gq5P = 0 (m > 0, g > 0, p odd, n . 3) in n + 1 space-time dimensions, when the asymptotic value Xi,1 of X in the infinite past is sufficiently small in a certain topology. By the "stable solution variety" of the equation will be meant the totality of solutions whose Cauchy data are in the domains of all powers of the space-Laplacian at all times and in all Lorentz frames; and the tangent spaces to which (as defined by their first-order variational equations, of the form treated in Corollary 2.3) are stable in the sense of having a uniquely essentially unitarizable S-operator. The Lorentz-invariance of this variety follows in certain cases from ref. 25 and probably is valid in general.
THEOREM 4. The stable solution manifold includes all sufficiently small smooth solutions and has a canonical hermitian structure extending its given symplectic structure.
The proof depends on the earlier treatment of linear wave equations, together with nonlinear scattering theory for wave equations and considerations to verify the nonvanishing hypothesis of Corollary 2.3. The latter are based on an extension (26) of the earlier cited unique continuation from the forward cone for solutions of the Klein-Gordon equation, in conjunction with decay estimates for the Klein-Gordon equation (27) Similar results are applicable to wave functions that are periodic in time, such as suitable solutions of nonlinear wave equations in chronometric space-time, the advance of chronometric time from 0 to 27r corresponding to that of Minkowski time from -co to c.
